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Abstract—A solution in the form of an asymptotic expansion is obtained for the problem of mass transfer in

the entrance region of a circular tube or flat channel for arbitrary hydrodynamically-developed velocity

profile and arbitrary dependence of the diffusion coefficient on the coordinate perpendicular to the flow.

Boundary conditions of the first, second and third kind are considered. The results of the analysis are
compared with known approximate and numerical solutions of similar problems.

NOMENCLATURE
Ar B, coefficients introduced in (29);
G concentration;
Co» concentration at the tube entrance;
¢, reference concentration in the boundary

condition of the third kind ;
{e>, mixing-cup concentration defined by (62);
D, diffusion coefficient;;
D,, diffusion coefficient at the centerline;
f,g,h, functions appearing as coefficients in (13);
Ji 91> s coefficients defined in (23);

G, dimensionless diffusion flux (7);

1, total diffusion flux ;

Js local diffusion flux ;

k, constant in (6);

K., modified Bessel function of the second
kind;

m, integer parameter in (13);

Pe,  Peclet number, 2uqR/D,,;

Q, volumetric flow rate;

v, radial coordinate;

R, tube radius;

s, parameter of the Laplace transform;

Sh,  local Sherwood number ;

{8h>, average Sherwood number;

t, dimensionless axial coordinate (7);

T, polynomials of 8;

u, axial velocity;

uy,  centerline velocity;

W.., Whittaker function;

z, axial coordinate;

X, dimensionless concentration defined
by (7);

X, dimensionless parameter defined by (7);

¥, dimensionless radial distance from the
tube wall.

Greek symbols

ar, B, coefficients introduced by (53), (70)
and (78);

B, parameter, characterizing the radial
variation of the diffusion coefficient ;

T, gamma function;

0, diffusion boundary layer thickness;
g, inverse Peclet number ;

¢, similarity variable, v2&™/t;

1, dimensionless coordinate, n = s*¢;
0, dimensionless parameter (7);

A parameter defined by (55);
A.,u,, parameters defined by (34);

v, parameter, 1/m;

g, dimensionless coordinate, e ™' y;

2, dimensionless radial coordinate given

by (7);

T, dimensionless axial coordinate, ¢t ;

o, dimensionless axial velocity (1);

v, dimensionless diffusion coefficient (3);

¥, confluent hypergeometric function.
Subscripts

w, value at the tube wall;

#, differentiation with respect to #.

1. INTRODUCTION

THE PROBLEM of mass transfer in the entrance region of
circular tubes and flat channels with fully-developed
flow has been treated by most authors as an eigenvalue
problem. The solution of the Graetz—Nusselt problem
for large Peclet numbers, when the axial diffusion is
neglected, with the boundary condition of the first kind
at the tube wall was significantly extended in [1-3] by
computing large number of eigenvalues and eigenfunc-
tions. A similar approach was employed in [2,4, 5] for
the case of the boundary condition of the second kind.
In [3,6] the problem was studied for the boundary
condition of the third kind in which the concentration
at the tube wall is proportional to the diffusion flux
normal to the wall.

Although the eigenvalue method can provide an
exact solution to the mass transfer problem in the
entrance region of a tube or channel, a large number of
eigenvalues and eigenfunctions must be computed to
obtain this solution.

Another approach to the solution of the problem
was proposed by Mercer [7,8], who extended
Levéque’s similarity solution [9] in the form of a
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power-series asymptotic expansion; only the boun-
dary condition of the first kind was considered.
Ordinary second order differential equations were
derived to obtain the functional coefficients of the
power-series. However, only the first two coefficients
were expressed in analytical form. A numerical so-
lution was presented for the third and fourth terms.
Worsee-Schmidt [10] further developed Mercer's
analysis and obtained numerical solutions for seven
terms of this expansion. He also considered the
boundary condition of the second kind and gave an
analytical solution for the first term and tabulated the
numerical values for the next six terms of the cor-
responding expansion. Newman [ 11] further extended
the analysis of the problem for the boundary condition
of the first kind by finding an analytical solution for the
third term of the expansion.

Kooijman [12] reviewed numerous solutions avail-
able in the literature and made a comparative analysis
of asymptotic and numerical solutions for different
types of geometries and boundary conditions. The
advantage of using the series asymptotic expansions
for the entrance region was shown.

In the present paper we develop a procedure which
makes it possible to obtain an analytical solution for
all terms of the corresponding asymptotic expansion
for any of the three types of boundary conditions by
solving an appropriate system of linear algebraic
equations. Therefore, solutions for the cases with
boundary conditions of the first and second kind are
extended and the solution for the boundary condition
of the third kind is obtained for the first time. The
problem of mass transfer in flow with an arbitrary
fully-developed velocity profile and radial variation of
the diffusion coefficient can be considered within the
framework of this method.

2. THE CONVECTIVE DIFFUSION EQUATION
AND BOUNDARY CONDITIONS
We consider the steady-state flow of fluid in a
circular tube of radius R with an arbitrary
hydrodynamically-developed velocity profile

¥
u=tdf i SO =1 p=0. (D)
Assuming cylindrical symmetry of the problem and

neglecting diffusion in the axial direction we can write
the convective diffusion equation in the form

;kzli@ﬁﬁg, )
éz  ror or
where the diffusion coefficient
D:Dmp(i}; U(0) =1 3)
R H

may be a function of the radial eoordinate. The radial
variation of the diffusion coefficient can be associated,
for instance, with nonuniform fluid properties or, if the
flow of a particulate medium is considered, with the
diffusion augmentation due¢ to the additional mixing
by suspended particles. In the latter case, the diffusion
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coefficient is a function of the local shear rate [ 13, 14].
We assume a uniform concentration at the tube

entrance
=g At I == {3, (B

and the symmetry condition at the axis of the tube

given by

=0 at =0 ()
or

At the tube walil, r = R, the boundary conditions of the

first, second, and third kind are expressed as

¢ =c, {ta)
cc
I (6b
o (60}
S {Gey

where ¢, J, ¢, and k are given constants.

Physically, the boundary condition (6¢) may de-
scribe a first-order chemical reaction with constant
reaction rate k, or the diffusion through the tube wall
with finite conductivity of the wall. In the latter case,
¢, 18 the concentration at the outer surface of the tabe
wall, and the coefficient k is given by

D Ry
(= e Y e
R R
where D, is the diffusivity within the tube wall, Ry is the
outer tube radius.

We introduce the dimensionless variables and para-

meters

oo r Co— ¢ Cog 1y,
pe=--, p= -, X = Q,v,, ‘\'“_ = Q,
R R Cy €5
- ( L X I‘R -
)(,:ow -, == {7
&) ’DL\*("O
kR o D,
0= -~ a=Pe "= -
w 2ug R

where D is the value of the diffusion coefficient at the
wall D, = Dgy(1), and Peis the Peclet number.

In terms of the variables (7) equation (2) takes the
form

(P',lf(;p){v;(--- i (5)

P
pip Cpo

. cX
bblp)<- ==
'

The boundary conditions (4)-(6) in the dimensionless

form are

X=0 at =0 {9}
exX ‘
=0 at p=0 (1
cp
X=X, {1ty
0X
A (1ib)
&p
0X
Cox,-X) al p=1 itlc
ap

In particular, if a parabolic velocity profile ¢ = 1 - p*
and constant diffusion coefficient yr = | are con-
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sidered, equation (8) becomes
X ¢ 0 ( 0X
=p)—==—|p—).
2 p)az pdp ‘pép,)
For large Peclet numbers, the parameter ¢ is small and
therefore we have a singular perturbation problem.
A certain generalization of equation (8) is now
considered and an asymptotic solution to this equa-
tion is derived.

(12)

3. ASYMPTOTIC SOLUTION OF A CERTAIN
PARABOLIC DIFFERENTIAL EQUATION
WITH SMALL PARAMETER ¢
Equation (8) is a particular case of a more general
linear parabolic differential equation
o E <o T ZE x| a3)
2= -
V= o7 TG el
where m > 2 is integer, t >0 and 0 <y < 1. The
coefficients h, f and g in equation (13) are analytic
functions of y at 0 < y < 1; (8) can be written in the
form (13) by transformation of the radial coordinate y
=1-p

Assuming h(0) # 0 without loss of generality one
can set h(0) = 1.

At t = 0 the boundary condition (9) is considered,
whereas (10) can be replaced by less restrictive con-
dition:

1X]< oo at

0<y<l. (14)

At y =0 one of the following conditions is to be
fulfilled

X=X, (15a)
X
=G (15b)
dy
o0X
— =0(X-X_) (15¢)
dy

For small values of the parameter ¢ a solution of the
problem will be sought in the form of an asymptotic
expansion by using the singular perturbation tech-
nique.

It is apparent that the outer solution of equation
(13) with boundary conditions (9) and (14) is

X(t y)=0. (16)

In order to satisfy one of the boundary conditions (15)
the inner coordinate '
{=e""y (17)

is introduced with v = I/m.
In terms of the new inner variable, equations (13)
and (15) become

R N S
SN T T e (1%)
X=X, (19)

ox
= —¢G (19b)

0

X

=e0(X—X,) at £=0 (19)

il
where h, fand g are now functions of the variable ¢'¢&.
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The inner solution is expressed in the form

X = i X, (19d)
n=0
The application of the Laplace transform
X(s,¢) = an(t,cf)e‘“dt
JO
to (18) and (19) after replacing ¢ by
n=s¢ (20)

yields

X=2x (22a)
N
_ eV G
oy = (_)* (22b)
S’ 8
X, =(’f )\e(x—ﬁ) at =0  (22¢)
os ) s

where the subscript “,,” denotes the differentiation
with respect to #. The functions h, /' and g can be
represented by Taylor series as

© /e kv o e ks
h= 3 () mrt 1= X (2]
k=0 k=0 (23)

w ok

g= 2 (i) git*
k=0 5’
where h,, f; and g, are constants.
After substitution of (23) and (19) into (21) and
equating powers of & we obtain a set of in-
homogeneous ordinary differential equations

X =" 2K, = Y s X,
k=1
n—1
- Z f;ts_(k+1)‘nerl—k—l,rr
k=0
n—2
- Z ng_(k-FZ'\f,kX“_k_z (24)
k=0
where hy = 1.

The boundary conditions (22) yield
Xo=X,/s, X,=0forn>1at =0 (25a)
Xi,=—G/s't, X,.,,, =0forn=0,n=2

atnp=0 (25b)
_ 8/ X.. . 6.
XO,UZO’ Xl,u:; XO—T)7 Xn,uzs_\Xn—l
for n>2 at n=0. (25¢)

The matching condition with the outer solution (16),
makes it possible to infer that

X,—»0 as 75— o0. (26)

The general bounded solution to the homogeneous
equation for X,

Xn,-u,"—rlm_zXn =0 (27)



1136

corresponding to the inhomogeneous equation (24), is
(1s]
_ 3

X, = A.?n"zK.((i "2 ) {28)
\ :

where K, 1s the modified Bessel function of the second
kind.
We now seek a bounded solution of (24)in the form

S 2 N
r[l:ZK} &': nm’E ) Z A:?}‘r

U Treo

e by
X,=35

+y {m HZ]\ “»(’:}7’”0)%3'?? i

r=0

29)

where the upper indices N and M in the summations
over r are finite numbers and will be determined in the
process of solution.

With the help of the following relationships which
can easily be proved by direct differentiation and using
recurrence relations for Bessel functions [15]

d 5 ] )
1 — 112 - 02
- K ( = ey hidp B (‘_ mw\
d}’} m ) 1 1 m i }
(m~1y2 2 ]
I L e K Ly mi2 (3()
d! ! (.m 1 ) } : !
2 2 '
— a__,?mw.ﬁ K ( m 2 }
.m

the first and second derivatives of (29) are calculated.
Substitution into {24) yields a system of linear al-
gebraic equations for A, and B!

r{r—1)AL—(2r—m)B ™" !
n n=1
=3 AT Z Slr—k =174 75

k=i

—~ Bk m]_z(;}‘ , P22

k=0

—2rAr e+ )BT

= 2 By A+ Z PR
k=1

k=0

w2
—(r—ky Y, gBZkTh r= 1l (3D

k=0
Bquations (31) can be considered as recursion re-
lationships since they express the coefficients 4} and B},
in terms of A, and B, with p=0,1,....n—1.

It should be noted that for a given n, by solving the
system of equations (31) one determines all coefficients
with subscript n, except 4°. These coefficients will be
determined below by using one of the boundary
conditions (25).

The expansions of the Bessel functions K, and K, _,
atn = Qread [15]

SE

i

7 sin (m }

yo N

T T

+ ™)
e 0|
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. 7
{m )z.l\ i w2
1 {‘HI d )
n gt ey

32

=2 ,‘ [ S, + O m 1 }
2sin{nvii () o } |

Hence the solution (29) can be rewritten for small »
andm > 3 as

Xy=ge s ref 40y, go

Ay~ 2 AT+ A BLY+OMA] 3
where
) , Pt —vy P o
F e T o £34)
T{t+vy) 2sin{ F{l-~\

When m = 2, the form of the solution can be greatly
simplified since
R

g AK, (r})-—{—%) e’ {33)
Since the lunction X, satisfies the homogeneous
equation {(27) and therefore is given by (28), we infer
BY = 0. For the boundary condition of the first kind, it
follows from {25a}and {33) that

Ag =X, .. AS= 2B for n 21 (36)

Similarly, it can be shown. for the boundary condition
of the second kind (25b) that
40 =0, AV = Giu,, AY = (4] + 4 Bl
for 2 {37)

and for the boundary condition of the third kind (25¢1:

Ag=0. 4V =X _0/u,.
A = [A 4+ B —0(AS_ +4 B2 )i
for n2>2 (3
Therefore, as soon as the system of algebraicequations

{31) for a certain n is solved, the Laplace transform X,
for the corresponding term in the asymptotic expan-
sion {19} is known. Equation {33) yields

H;

X,(5,0)= -~ (A)+A4.B))
AX, (s, 0) S )
X, L
.(.Au.\.(_.w - e f(” - (41 M/ A, o + ]3 B
oy o'

Inverse Laplace transforms of {39) give the values of
the function X (£, 0) and the gradient normal to the
boundary ¢X (t.0)/ay

x !n §
X(t0)=p 3 _S{j,, (404 BY)  (40)
LE 0 +”‘>
aX(L0) . §_ et
oy ‘” OI[ i — 1]
x{A} =i A%+ 4 Bh. (41

In order toinvert the Laplace transform (29) we return
to the variable ¢:

X"= EERELRTIY) K (7\,_"-2 -)
- - L 2 (r‘! 172y
x 2 n‘*

r
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+K1 _‘.(2vcm/2S1/2)
XZ Br£r+[(m—1)/2]s(r—1/2)v+1/2]' (42)

Using the relationship [16]

2alﬂ2su - IK“(zdl/ZSUZ)

o
- tl/2—-u e—xIZIVVH— 1/2,‘./2(; ) (43)

where W is the Whittaker function, and expressing the
Whittaker function in terms of the confluent hyper-
geometric function ¥ [15]

W, ()=e (VP —pu+3,2v+150) (44)
after some appropriate calculations, we obtain the
inverse Laplace transform of the solution (29) in the
form

X&) =he T (e Ty @rgn @)
n=0

(A [(n~r—1v+ 1, 1= (]
+v2TIBY (n—r+ 1)y, v; (]}
Here { is the similarity variable
v2§m vlym

g: =

t e

(46)

It is worth mentioning that when (n —r+1)vin (45)is
an integer, the corresponding hypergeometric function
is expressed in terms of Laguerre polynomials [15].

4. MASS TRANSFER IN THE ENTRANCE
REGION OF A CIRCULAR TUBE WITH PARABOLIC
VELOCITY PROFILE AND LINEAR RADIAL
VARIATION OF THE DIFFUSION COEFFICIENT

We now consider solutions of equation (8) with ¢
= 1—p? = 1+ Bp with the boundary conditions
(9)-(14); when = 0, (8) reduces to (12).

In order to use the general solution obtained above,
equation (8) is rewritten in the form (13) by the
transformation y = 1 —p; this yields

m=3; hy=1, h, = p—14,

b, =B YB-1) as k=2;

fi=—( 48" as k=0; g,=0 as k>0 (47)
where
B
= 48
B T+ p (48)

The expansion {45) in the case m = 3 takes the form

X(t,&)="1e7 " Y (er)y3 Y 3@r D33
n=0 r
A"P(/n_r_l Z'Ci
n \ 3 937 )
n—r+1 1 ]
+3”3B;‘P( y 49
T3 )| @
where
3 1— 3
_E p). (50)
9t Ost

HMT 21:8—
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The dimensionless parameter © = et expressed in terms
of dimensional variables is
D,z
T= . (51)
2uyR
(i) Boundary condition of the first kind. Uniform
diffusion coefficient (8 = 0). The expression for the first
coefficient is given by (36):

Ag =317 TR)X,,.

(52)
Since By = 0, the zero-order term in (49) assumes the
form
1 .~.71/3 40 22 XW
Xy=2¢"3"A4YE.5:0) =

~oc

exp(z®)dz

which is Lévéque’s self-similar sotution [9].
We introduce the notation
A

n = 0’
AO

=B (53)
o =— :
n Ag

and, solving the algebraic system (31) together with
(36)for n = 0,1,2,3, find

3 1 | 16
a8=1, ai_‘s‘> %_E;agzp-—_}“’ 0(2__-3—5’
1 11 33
e B — B gl
w5 Bmgp e s e
L1291 T 167 66l (54)
Ay = - 3=, Py =72,
3150 42000 1575
1 173 1
2 — ——“;t, 4 , 7T — .
P 350 Fi 3150 A 6000
where
=1 _ e 7
- ‘*3‘91/3r(%)=0' 9011. (55)

For the values n considered all other coefficients (53)
equal zero.

The local Sherwood number, which referred to the
concentration difference in the inlet, is defined as

iR

Doleg—cy)
where j = —Dy0c/0r is the diffusion flux at the tube
wall. Using the general expression (41) one obtains

Sh, = (56)

o0 T(n—l)/}
Shy=—% —/n?(a,f—ia,?-wlﬁ,})
n=0 I—( )
3

or, after substitution of the calculated values (54)
Shy = 0.5383667~ 13 —0.6—0.1870477 3
—0.186634t*3 +0(1) (57)

which coincides with the numerical solution obtained
by Worsee—Schmidt [10].
The average Sherwood number is introduced by

Shy) = —— 58
% nzDy(co—c,,) %)
where the total diffusion flux over the length z is
I=2zR | jad-. (59)
JO
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From (55), (58) and (59} we get

8k, =2~ i Shdr (60)
o
and, employing (57)
(Shy, = 1.6150987 713 — 1.2~ 0.280571¢1°
—0.2239607%° + O(z).  (61)

The first three terms in (61) coincide with the cor-
responding three-terms solution obtained by Newman
[11]

It was shown in [11] by comparison with the
eigenvalue solution that the three-term asymptotic
solution was accurate to (.1", for r = 0.005. Calcu-
lations show that the accuracy of the present four-term
solution is 0.01°, for the same value of 1.

The mixing-cup concentration ¢ for an arbitrary
cross-section is determined by the relation

I=0(co—<c™) (62)

where @ is the constant volumetric flow rate: for the
parabolic velocity profile Q = nu,R%/2.

Expressions (59) and (62) imply that the expression
for the mixing-cup concentration is

ey

Lo —dX TSk, {63)
Ca
where ¢Sh>, is given by (61 ).
Finally, we introduce a parameter
) Dylco—1c,) ‘
h = _9.(19“‘.__(_ (64)

R iR
which can be considered as the dimensionless thick-

ness of the diffusion boundary layer [17]. It foliows
from (55) that

— = Shi ' {65)

The leading terms in the expansions (63} and (65} can
be written out by using (61) and (57). respectively

SO | _6.460392X, 20 +0() (66)
Co
5 ,
(}g = 1857473713 £ O(c7), (67)

(it} Boundary condition of the first kind. Variable
diffusion coefficient (# # 0). Equation (52} is valid in
this case: the solution of (31) for n = 0,1,2 with the
notations given in (53) yields

1

3, B b
2 =1 oc{rs—(l+—2-}, ﬁ%=5(§—ﬂ>:

A 11
0 198+ 7).
% 35( [‘*‘45)

/

, Lt 583 o Ll 2
G55l b =gl
i
By = (11~193+~52}
1 9 11
%A—,,_, e — e 2
= (1= P
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wiow

-0.5% 0.0 0.5 e

F16. 1. Dimensionless mixing-cup concentralion oo, and

diffusion boundary layer thickness ¢/R as functions of the

diffusion coefficient variability parameter f5, for the boundary

condition of the first kind at the tube wall: ¢ e

SR Lt=021=10"331=2x10 4 cw=dan s
=62 1077 T ree 1007

If # =0 the corresponding coefficients {68) cotncide
with those given by {54).

It should be noted that the relations {53}, (50}, {58},
(60), (63}, (64) and (65) of the previous section {1) are
valid if Dy is replaced by D, = {1+ f)D, and if the
definition of ¢ (7) 1s considered.

Figure | illustrates the variation of the functions ¢,
and 3/R vs j for several values of the dimensionless
axial coordinate 1.

(iii) Boundary condition of the second kind. Uni-
form diffusion coefficient (f = 0).

The general expression (37) for m = 3 reduces (o

A =3V G, {693
With the notation
R Y " -
w=h = (70}
4 1

the solution of (31 ) together with the relationships {37)
for n = 1,2.3,4 has the form

=t = Bt
9 6 . i I
T T T
, 3 . 1 . 06l 27 .
Bom o =y = s s U
R A N P TR
BT st T s T e T Tooos”
. e a3 ol
S0 s T s
L9 U L~ R
M= 5o =500 4= s P go

The concentration at the tube wall can now be
calculated by using the general solution (4(1)

Cun G ot
w VORI Y (1Y
el e b — - E ,,” 51” + "‘“ﬁn ) {723

Cn Agey r( [+ !
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Substitution of (71) into (72) then yields

2 |~ G[1.53611771 +1.2505987%
Co

+1.2434667 +1.3430601%3 + 0(z%*)].  (73)

The coefficients in (73) coincide with those obtained
numerically by Worsge-Schmidt [10].
If the average Sherwood number is defined as
I
<Sh >2 =

, (74)
nzf

then calculations yield (Sh)>, =2 and therefore the

expression for the mixing-cup concentration (62)

assumes the form, analogous to (63), namely

(e

Co

= 1—~4Gt{Sh>,. (75)
In this case, the mixing-cup concentration is a linear
function of the axial coordinate.

The dimensionless diffusion boundary-layer thick-
ness, defined independently of boundary conditions by
(64), with the help of (73) to the lowest order in 7 is

92 173 23
o 1.536117¢Y° + 0(«*°). (76}

(iv) Boundary condition of the third kind. Uniform

diffusion coefficient (f = 0). The relationship (38) gives

A =3Ver X G471 (77)
With
e B = 5 (78)
Ty A

the solution of (31) and (38) for n = 1,2,3,4 yields

AU s 5 10’

1/ 3 3/ 3 16

0. _{g__ e — “{p—= 2
w 12< 5)’“3 51( 5) B =35
i 11 1 3 i
S fO=—, 22_“__0_«} J—
%= P B 10,1< 5P TR

661

1 32 1
0= — | {62} +== 4% 2 o
o ;ﬁR 5,,)+35 1575 1 (79)

3 32 6/ 3 1291

1. .o g_f)’ 2=_ﬂ_<9_4’ 3:___"_,
% 512( 50 %7 7355 5,) % =315
I 3 167

fxg = - (9""“ > ag il
2002\ 5 42000

354 5
661 1/ 332 1 3
1__________" 2 6“‘-‘ , 3:.........(9__ X
& 1575 b 10,12( 5,) ba 144 5)
173 1
4 __ T 7=_.
’3“_3150’ bs 6000

The concentration distribution at the tube wall follows
from (40)

Cy X0 3
Pk i) - (o + ).
° "=1r(1+5}
3/

(80)
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By taking (79) into account, equation (80) can be
rewritten as
ni3

¢, X 02 i
1 2 Y (T, (81)
Cqy A n=0 1"(1,;__’:{)
3
where
1
T,=1 T, = Z(49—0.6),
1
T =F(82——1.28+0.481767), 82)

1
T.= iR (6* —1.80% +1.3235336 - 0.500368)

are polynomials of 6.
The local Sherwood number, which referred to the
concentration difference at the inlet, assumes the form

Jj'R
Sh3=
DO(CO Co
8 @ ni3
=,9171+z Y (=L, ——— | (83)
ne=g 1
rii+-
L ( +3U
so that Shy = fatt=0.
Defining the average Sherwood number by
Shy, = ——— 84
S nzDg{co—Cy) ®4)
and using (83) we infer that
2 T
{Sh>, =wJ Shdz
TJo
6 = 37
=20|1+= Y (—-1)'T,—— |. (85)
Aoy "
M2+-
( +3)

The mixing-cup concentration in (62) with the help of
(84) can be expressed as

{3

Co

=1-4X_1(Sh>, (86)

which is similar to the relations (63) and (75).
The dimensionless diffusion boundary-layer thick-
ness (64) equals

(87)

The leading terms in the expansions (80), (86) and (87)
can be easily calculated

Cw
2 = 1-1536117X 0013 +0(r¥3)  (88)
Co
C
<c>3 =1-8X_0:+0(r*?) (89)
i)
5, .
= = 1536117117 +0(:2), (90)

It'is interesting that leading terms (88)—(90) coincide
with the corresponding expressions {73), (75) and (76)
for boundary value problem of the second kind.
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F1G.3. (a) Dimensionless concentration at the tube wall ¢,/ ¢,. and (b} mixing-cup concentration <¢ »/¢y, and
diffusion boundary-layer thickness 4/R vs axial coordinate for the boundary condition of the third kind ;
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Figure 2 shows the dependence of ¢,3/¢g, ¢ 23/¢
and 8;/R on # for different values of 7, and in Fig. 3
these functions are plotted vs 7. Both figures indicate
that the behavior of the considered functions is
determined by the leading terms (88)-(90).

5. CONCLUDING REMARKS

Practical formulae have been derived for the mass-
and heat-transfer characteristics in the entrance region
of circular tubes. In particular, solutions for the
problems with the boundary conditions of the first and
second kind have been extended and the solution for
the boundary condition of the third kind has been
obtained for the first time. The case with variable
diffusion coefficient, which is of practical interest,
especially for multiphase flows, has been considered
and its influence on the transport characteristics has
been studied. The general solution can also be used, for
example, to describe transport in a chemical tubular
reactor; the corresponding eigenvalue solution and
the first term of the asymptotic solution were obtained
in[18]}.

The solution derived in the present paper is only
valid in the mass entry region where the boundary-
layer thickness is small in comparison with the tube

radius. Downstream of this region and before the
region with f{ully-developed concentration, a
boundary-layer approximation is not applicable. In
these regions the solution can be casily obtained by the
eigenvalue method. The boundary-layer solution does
not apply in the immediate vicinity of the inlet edge of
the tube since the axial diffusion is not negligible in this
region. The limits of validity of different approxi-
mations to the mass entry problem have been carefully
analyzed in a recent paper [ 19].
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TRANSFERT MASSIQUE DANS LA REGION D’ENTREE D'UN TUBE CIRCULAIRE

Résumé—On obtient une solution sous la forme d’un développement asymptotique pour le probiéme du
transfert massique dans la région d’entrée d’un tube circulaire ou d’un canal plat, avec un profil arbitraire de
vitesse €tablie et une dépendance arbitraire du coefficient de diffusion vis-a-vis de la coordonnée
perpandiculaire a la direction de 'écoulement. On considére des conditions de premiére, de seconde et de
troisiéme espéce. Les résultats de I'analyse sont comparés avec des solutions approchées et numériques

connues.

STOFF- UND WARMEUBERTRAGUNG AM EINLAUF IN EIN KREISFORMIGES ROHR

Zusammenfassung—Das Problem der Stoff- und Wirmeiibertragung am Einlauf in ein kreisformiges Rohr

oder in einen ebenen Kanal wird in Form einer asymptotischen Entwicklung gelést. Dabei wird das

Geschwindigkeitsprofil als hydrodynamisch voll entwickelt, jedoch sonst von beliebiger Gestalt vorausges-

etzt. Die Abhéingigkeit des Diffusionskoeffizienten von der Koordinate senkrecht zur Strémungsrichtung ist

beliebig. Randbedingungen der ersten, zweiten und dritten Art werden behandelt. Die Ergebnisse dieser

analytischen Untersuchung werden mit bekannten Niherungslésungen und mit numerischen Lasungen
dhnlicher Probleme verglichen.

MACCOOBMEH HA BXOJIHOM VYYACTKE KPYIJIOHM TPVEBI

Antoramust — [TonyyeHo pewehne 8 BHIE aCHMITOTHYECKOrO PA3fIOKEHMS ATA 3a4a4y NepeHoca

MAcChl Ha BXO[IHOM YYaCTKe KPYIJIOR TpyObl # NIOCKOTO KaHana [ Pa3sUTOrO npoduis cKOpoCTH

H IPOU3BONBHON 3aBUCHMOCTH KO3 ¢uunenTa anddy3un ot nonepeunoi koopaMHaTEL PaccMoTpenst

rpanuynbie yenosus I, Il u 11l poza. PesynstaTel aHanuia CpaBHUBAIOTCS C H3IBECTHLIMK npubauxKed-
HbIMU B YUCACHHBIMY DELICHHAMM AHATOrHYHBIX 3234,



